ABSTRACT The author presents an extension of the Airy beam, referred to as the Gaussian Airy beam, to simulate high-frequency wave propagation in inhomogeneous media. Theoretically, the Airy beam and the Gaussian beam satisfy the same fundamental paraxial wave equation. Here, the author combines the Airy beam and Gaussian beam concepts and derive the acoustic Gaussian Airy beam formulas. Starting from the acoustic paraxial wave equation in the ray-centered coordinate system, the author derives expressions for the Airy beam and quasi-ray tracing. The expression for the Airy beam is the same as that obtained from the Schrodinger equation, while the expressions for quasi-ray tracing can be used to obtain the parameters of the Gaussian beam. Relevant formulas for the Gaussian Airy beam in a homogeneous medium are derived. The author gives numerical solutions of the Gaussian Airy beam formulation and compare them with the Gaussian beam solutions. Furthermore, the author examines the effectiveness of the method for high-frequency wavefields by performing numerical simulations for models exhibiting pronounced heterogeneity.
I. INTRODUCTION
In recent years the Airy beam has received increasing attention and the derivation of the beam is based on the paraxial wave equation. Since there is an Airy function-type solution of the evolutionary-form equation [1] and there is a mathematical similarity between the quantum mechanical Schrodinger equation and the paraxial wave equation in optics, the Airy beam is a solution of the paraxial wave equation. Its phase characteristic is like an Airy function. The Airy beam has the properties of being slowly diffraction, self-bending and self-healing. It has been widely applied to electromagnetic wave propagation, optics, electron wave problems [2] , micromachining of curved surfaces [3] , micromanipulation of particles [4] , fluorescent imaging [5] , curved plasma channel generation [6] , and light sheet microscopy [7] .
Berry and Balazs [8] derived the Airy packet solution of the Schrodinger equation that describes the propagation of wave functions in free space without distortion. Their original formulation of Airy packets for quantum mechanics problems was proposed in academic research. However, because of its infinite energy content, it was initially thought of as being irrelevant or inappropriate for realistic applications. Thus, the Airy beam attracted little interest from researchers over a long time. A decade ago, Siviloglou and Christodoulides [9] derived the optical Airy Beam by linking the paraxial wave equation of diffraction with the Schrodinger equation. This opened up practical applications of the Airy beam capable of dispersing the energy through multiplication with an exponential window. Accordingly, Siviloglou et al. [10] first observed the accelerating diffraction-free Airy beams through experiments.
To make Airy beam propagation more realistic, Bandres and Gutierrez-Vega [11] introduced the concept of the Gaussian Airy beam, which is a general form of the Airy beam. The basic idea is that the Gaussian Airy beam formula is defined by constructing the complex geometrical optical matrix ABCD. This implies that the beam cannot only propagate in free space but also in general optical systems. The Gaussian Airy beam has found recent application in providing extensive solutions for different models including the Snyder-Mitchell model [12] , right-handed materials and left-handed materials [13] , and chiral media. More recently, Ez-Zariy et al. [14] investigated the propagation of the Gaussian Airy beam over a finite aperture. Liu et al. [15] suggested using the Gaussian Airy beam in an ABCD optical system with a rectangular aperture.
The main purpose of this paper is to construct the 2-D acoustic Gaussian Airy beam for high frequency wave propagation. Our approach is based on an extension of high-frequency asymptotic ray theory, called the Gaussian beam approach [16] , [17] . The Gaussian beam is a high frequency asymptotic solution of the paraxial wave equation in the ray-centered coordinate system. The major advantage of the Gaussian beam approach over the standard geometrical ray method for high frequency wavefields is the ability to avoid caustics and include multiple arrivals [18] . The Gaussian beam is also an important physical entity, which is a collimated energy tube described by local adiabatic dynamics (the beam retains its energy). Thus, it has been widely used for computing high frequency wave fields and seismic imaging [19] - [22] .
It is clear from the above that the theoretical foundation of the Airy beam is the paraxial equation and, in this respect, is similar to the widely used Gaussian beam. The theoretical development given in this paper is based on two assumptions: (1) the Gaussian Airy beam propagates along the central ray trajectory; (2) the Gaussian Airy beam solution satisfies the paraxial wave equation. Actually, the Gaussian beam is regarded as a local wave function whose evolution along its propagation trajectory is described by local selfdynamics [23] . However, the Airy beam is generated by an Airy function initial condition in an extended aperture, and is a caustic of the rays that diverge from the tail of the Airy function aperture distribution [24] - [26] . Thus, the Gaussian Airy beam is a Gaussian beam that is built upon a certain ray in a ray-bundle with a caustic.
Starting from the fact that the Gaussian beam is a solution of the paraxial wave equation in the ray-centred coordinate system, we assume that the formula includes two factors, one of which is the Gaussian beam [16] , whereas the other is unknown. Then, the assumed formula is substituted into the paraxial wave equation in the ray-centred coordinate system. Through mathematical analysis, the paraxial equation for the Airy beam and the ordinary differential equations for computing the quantities are obtained. Thus, I can obtain the Gaussian Airy beam by combining the Gaussian beam and the Airy beam. For simplicity, I present the formulation and the results in the 2-D case only in this paper.
In this work, I also explore the computational problems of the Gaussian Airy beam approach. To calculate the Gaussian Airy beam, I have to solve an ordinary differential equation system. The basic procedure for the computation of the Gaussian beam is dynamic ray tracing [27] . This involves calculating the complex parameters [28] needed in specifying the Gaussian beam. Here, apart from conventional dynamic ray tracing, computing the Gaussian Airy beam requires an estimate of additional complex quantities. Thus, solving the additional ordinary differential equations is key to this method. Given the similarity between the ordinary differential equations obtained in this paper and the dynamic ray tracing equations [29] , I can solve them by the Runge-Kutta method. I refer to this as the quasi ray tracing method.
The structure of the paper is as follows. First, I review the basic equations of the high-frequency asymptotic ray theory and the acoustic paraxial wave equation in the ray-centred coordinate system. Then I derive the acoustic Gaussian Airy beam formula. I discuss how the initial parameters of the Gaussian Airy beam affect the shape of the Gaussian Airy beam during propagation. Finally, I investigate the possibility of propagating into a high velocity body and demonstrate the validity of computing the high frequency wave fields.
II. BASIC EQUATIONS
The Gaussian Airy beam presented in this paper is based on the extension of high-frequency asymptotic ray concepts, and for this reason I start by reviewing the zero-order ray approximation, ray tracing and dynamic ray tracing. The 2-D scalar wave equation in the frequency domain is [3] , [30] 
where U (r, ω) is the wavefield spectrum, ω is angular frequency, V (ω) is the wavespeed, and r is the position vector, which is a function of the horizontal coordinate x and vertical coordinate z in a two-dimensional Cartesian system (x, z).
In high-frequency asymptotic ray theory (ART), the solution of equation (1) can be expressed as an asymptotic ray series U ray (r, ω) in the frequency domain, which can be written as [27] 
Here κ is a factor for describing the high-frequency wave (−1 < κ ≤ 0), and τ (r) is the traveltime, which satisfies the eikonal equation
where p (r) is the wave slowness or ray parameter. Along any given ray, p is a function of space r. If I neglect the high-order terms and take only the first term of the ray series (2), I have the seismic wavefield in the frequency domain represented by the amplitude A(r) and the traveltime τ (r) as
where the subscript ART on U stands for asymptotic ray theory. The travel time quantity τ (r) can be evaluated by ray tracing [27] along a single ray. For simplicity, I drop the dr in expressions after the following ray tracing equations [27] dr ds = V (x, z) p dp ds
where V (x, z) is the velocity, which is a function of space and p is defined as the slowness, which comprises two components the horizontal slowness p x and vertical slowness p z .
Here s is the arclength along the central ray.
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The scope of ray tracing is limited to computing τ (r) along the central ray. I wish to extend the conventional geometrical ray theory to paraxial ray theory, or more specifically to develop the Gaussian Airy beam. To this end, it is necessary to introduce an additional method for solving the linear ordinary differential equations, which is used to compute the quantities. This method is called dynamic ray tracing [27] , [29] .
The dynamic ray tracing equations are given by
with the 2 × 2 complex-valued matrices
, where γ j is the ray parameter (units of s/m), which can be used to specify the ray. The two-dimensional ray parameters can be obtained by solving the dynamic ray tracing equation system based on the specific initial conditions of the dynamic ray tracing system. Quantities P, Q are used to describe the paraxial ray propagation. With matrices P and Q, I can obtain the important 2×2 matrix of the second derivatives of the traveltime field. I also can use matrix Q to construct a matrix, which is related to geometrical spreading of the wavefront. Note that P has dimensions of slowness (s/m) and Q has dimensions of distance (m). For a Gaussian beam, the initial conditions for P and Q are complex-valued.
To obtain the values of P and Q, I need to solve the dynamic ray tracing equations (6). These equations have been used successfully in seismic modeling and seismic imaging. The initial conditions for the dynamic ray tracing in this paper are:
quantity V 0 is the wavespeed at the position of the central ray's initial point, which is the initial value of V and quantity b 0 is the initial beam width at the frequency ω 0 , where the parameter ω 0 is the initial value of ω. These initial conditions are widely used in computing the Gaussian beam and Gaussian beam migration [20] , [32] .
Although the equations above can be solved in several coordinates systems, e. g. Cartesian coordinate system and ray-centred coordinates system, I only consider the latter as shown as in Fig. 1 . This reason is that the starting point in this work is the paraxial wave equation in the ray-centred coordinate system. Mathematically, the transform equations, which describe the relationship between the length elements dr, ds and dn are given by the following equations [16] 
where s is the arclength along the central ray (defined earlier), whereas n is the length along the line perpendicular to the central ray. In addition, h is a dimensionless scale factor, which is used to present the orthogonal relationship in the ray-centred coordinate system.
III. PARAXIAL WAVE EQUATION A. OPTICAL AIRY BEAM SOLUTION OF THE PARAXIAL EQUATION
The major purpose of this paper is to derive the Gaussian- 
with a dimensionless transverse distance µ x = Here, x 0 is an arbitrary transverse scale factor and k = 2π λ is the wavenumber. According to Siviloglou et al. [10] and Siviloglou and Christodoulides [9] , subject to the initial condition
, this equation has the following solution
where a is the decay factor and the Airy function is given by
The decay factor a is a positive quantity which can maintain the containment of the infinite Airy tail and is capable of physical realization [10] .
B. PARAXIAL WAVE EQUATION IN THE RAY-CENTERED COORDINATE SYSTEM
In the derivation of the Gaussian Airy beam for highfrequency wave propagation problems, the acoustic paraxial wave equation plays an essential role. It is an approximation of the full wave equation. Thus, I summarize the existing equations including the wave equation and the paraxial wave equation in the ray-centered coordinate system, which are covered in detail by Červený et al. [16] .
In this work, I analyze equation (1) in the time domain using the Fourier transforms and its inverse [30] 
and
With this transform pair, the scalar wave equation corresponds, to [30] , [31] 
where u (r, t) is the wavefield in the time domain, r is the position vector, and V (r) is the medium velocity, which is spatially variable. Using the coordinate transformation shown as equations (7) and (8), the scalar wave equation in the ray-centred coordinate system corresponding to equation (14) is [16] 1 h
Since I consider only the high frequency asymptotic solution of the equation, I assume it to be of the form [16] u(s, n, t)
where ω is angular frequency, t is the traveltime, and U (s, n, ω) is the asymptotic ray series for the wavefield. By inserting equation (16) into (15) and introducing ν = √ ωn into equation (15), I have [16] 
where U = U (s, n, ω).
Here, I develop the paraxial wave equation asymptotically (ω → ∞) and only keep the terms where ω > ω 1 (where ω 1 is some arbitrary high frequency). This means that
After neglecting the low-order terms (ω < ω 1 ), and considering the approximations h ∼ 1 and
Next, we define
where W (s, ν) is a scale factor for U (s, ν) and V (s) is the velocity.
Inserting this equation into (20) , I obtained the final form of the acoustic parabolic wave equation [16] , [33] 
where W = W (s, ν). Equation (22) is the starting equation for deriving the Gaussian Airy beam.
IV. THEORY FOR THE GAUSSIAN AIRY BEAM A. PARTIAL DIFFERENTIAL EQUATIONS FOR THE GAUSSIAN AIRY BEAM
In this section, I derive the main equations for the Gaussian Airy beam formula and the related partial differential equation systems. I wish to develop the Gaussian Airy beam theory for computing the acoustic wave fields. For this purpose, I assume that equation (22) has a solution based on Deng and Li's idea [12] :
where ν 0 (s) is an arbitrary transverse scale factor associated with the parameters P and Q obtained by dynamic ray tracing.
Here, F(µ, ζ ), U GB (s, ν) are the different expressions of the wavefield. By multiplying the two factors, it follows that the expression of the wave fields W is a solution combining F(µ, ζ ) and U GB (s, ν 
with (s) = p q (27) where p and q are the quantities for the two-dimensional case shown in equation (6), which can be computed by the dynamic ray tracing [29] . Note that has the units of s/m 2 , or corresponds to the second spatial derivative of the traveltime. Now I substitute equation (23) into (22) to obtain an expression for the Gaussian Airy beam as
The three terms in equation (29) are separately zero since the combination of them together for all s values cannot be zero. From equation (29) , I have
Here, I define equations (32) and (33) as the quasi ray tracing equations. The reason why I call them ''quasi'' is that their forms are similar to the ray tracing equations and they can be solved by a similar numerical method. In addition, the purpose of solving these equations is to obtain the quantities of the Gaussian Airy beam. To obtain the parameters µ, ζ and ν 0 (s), I need to solve the quasi ray tracing equation system. In fact, equation (33) is a differential equation in s. Setting the second term to zero yields the non-linear deferential equation for (s), which is a Riccati type equation [29] . If I transform the equation into an ordinary differential equation, I can divide this equation into the dynamic ray tracing equations and the following equation [16] ∂A(s) ∂s +
In common with the conventional ray tracing method, equation (6) can be solved numerically by the Runge-Kutta method. Because equations (32) and (33) are also ordinary differential equations, similarly, they can be solved by the Runge-Kutta method to compute ζ (s) and ν 0 (s). Note that since the parameters A(s) and (s) are complex-valued, the parameters µ, ζ and ν 0 (s) are complex-valued as well.
B. ACOUSTIC GAUSSIAN AIRY BEAM
The major aim of this paper is to develop the Gaussian Airy beam solution of the wave equation for a high frequency wavefield. Having developed equations (30)-(33), I can now obtain the solutions of these equations. Following the Airy beam method [9] , [10] , the solution of equation (30) can be formulated as equation (10) .
Subject to the initial condition
I substitute ν = √ ωn and µ = ν ν 0 (s) into equation (10) to obtain
Finally, I obtain the formula of the Gaussian Airy beam according to equations (16) , (23) and (36)
with
where the parameters µ, ζ , P, Q and ν 0 (s) are complex-valued quantities. The parameter ζ represents a transverse decay and tilt of the wave fields. The parameter ν 0 (s) controls the spatial frequency of the transverse wavefield oscillations. The parameter Q controls the wavefront spreading [33] . The parameter a (a > 0) is the decay factor, which is a positive quantity to ensure containment of the infinite Airy tail, as mentioned earlier.
Note that when Q = ∞, ζ = 0, the Gaussian Airy beam expressed as equation (41) behaves like the finite-energy Airy beam [9] . Furthermore, if n = 0, equation (41) is the expression of the Airy beam. 
C. EXACT ANALYTIC SOLUTION FOR GAUSSIAN AIRY BEAM IN HOMOGENEOUS MEDIA
In this section, I develop the analytic Gaussian Airy beam for homogeneous media. Consider the 2D case of a homogeneous medium with the geometrical relationship as shown in Figure 3 . Here, a Cartesian coordinate system (X , Z ) with a horizontal coordinate X and a vertical coordinate is Z introduced, where the Z-axis is positive downward. Following Červený's method [16] , the expressions τ 0 (s), n and (s) can be written as where ϕ, ϕ 0 are the angles of the central ray and 0 as measured from the vertical, V 0 is the constant velocity, r is the distance, and ε is a constant parameter related to P, Q. Details about ε can be found in Červený [16] . According to equations (32), (33) and (39)- (41), I have
D. EXACT ANALYTIC SOLUTION IN A LINEAR SQUARE REFRACTIVE INDEX (SLOWNESS) MEDIUM
To compare the solutions in a relatively complex medium. I develop the analytic solutions in a linear square refractive index (slowness) medium. Such a medium can be described by the following function [35] 
where α is a constant called the ducting parameter. Then, the corresponding expressions for τ 0 (s), n and (s) are
where z 0 is the initial coordinate position on the Z-axis. Similar to the derivation in the previous section, I get the following equations according to equations (32), (33) VOLUME 6, 2018 and (45)-(47),
V. GAUSSIAN-AIRY BEAM ALGORITHM
In this section, I present the algorithm regarding the implementation of the Gaussian-Airy beam. The steps for computing the wavefield of a single Gaussian Airy beam are as follows: 1) Ray tracing for determining the path of the central ray and computing the complex-valued quantities P and Q along each ray. Note that the initial conditions for solving the ray tracing equation system are needed. The initial conditions at the starting point of the central ray are the following:
where x 0 , z 0 , V 0 , τ 0 are the horizontal coordinate, vertical coordinate, wavespeed and traveltime of the starting point of the central ray. 2) Solve the quasi ray tracing equations (31) and (32) using the Runge-Kutta method. Since the parameter (s) is used in the process of solving the differential equations system, the computed results in step (1) are used.
where
are the coefficients of the fourth-order Runge-Kutta method. For practical applications, the initial value ς 0 (s) can be chosen according to the initial values of ν 0 (s) and V 0 . The initial value ν 00 (s) is associated with 0 (s) and V 0 . The final limit for this iterative computation is based on the length s, which is related to the traveltime 3) Compute the ray-centered coordinates s and n of points in the computation domain where the wavefield of the Gaussian-Airy beam will be computed. For the points in the vicinity of the central ray, the wave fields of the Gaussian-Airy beam cannot be calculated directly. The only way is to find the point on the central ray nearest the points, whose wavefield need to be computed. After finding the nearest point, I can compute the normal distance n and the distances. 4) Construct the complex traveltime of the Gaussian-Airy beam according to the complex-valued quantities and the values of ray-centered coordinates s and n. The complex traveltime plays an important role in the Gaussian-Airy beam because the product of the complex traveltime and the angular frequency is the phase of the Gaussian-Airy beam. The complex traveltime formula is
which is a function of s and n. 5) Compute the wavefield of a single Gaussian-Airy beam using equation (37). First, I present the wave fields of the analytic Gaussian Airy beam. One reason why I present the analytic Gaussian Airy beam is that I can compare it with the numerical results, which will be computed in the following examples. Figure 4 shows the analytic Gaussian Airy beam wave fields with an emitting angle 45 • for (a) 0 • and for (b) in constant velocity media. The emitting angle is the angle between the Z-axis and the central ray. The initial conditions for quasi ray tracing in Fig. 4 (a) are ν 00 (s) = 100+i100, ζ 0 = 0.01+i0.01.
VI. NUMERICAL RESULTS AND DISCUSSION
The initial conditions for quasi ray tracing in Fig. 4 (b) are ν 00 (s) = 80 + i80, ζ 0 = 0.1 + i0.1. The initial width of the beam for (a) is 100m, but the initial width of the beam for (b) is 200m. Fig. 4 (c) shows the Gaussian Airy beam wave fields in a linear square refractive index medium with the analytic method. Fig. 4 (d) shows the corresponding wave fields in the same medium computed with the numerical method. The initial conditions for quasi ray tracing in both are ν 00 (s) = 100 + i100, ζ 0 = 0.01 + i0.01 and the initial beam width is 200m. Furthermore, the wave fields in a constant velocity medium of a single Gaussian Airy beam with an emitting angle of 45 • are shown in Fig. 5 . The initial location is set to (20m, 20m), the initial beam width is 300m, and ω = 20π . From Figure 5 , one can see that when the parameter ν 00 (s) or ζ 0 decreases, the width of the Gaussian Airy beam changes, and the energy is less concentrated. The parameters ν 00 (s) and ζ 0 are the initial values of the parameters ν 0 (s) and ζ , respectively. The parameter ζ 0 represents an initial transverse decay and tilt of the wave fields. The parameter ν 00 (s) controls the initial spatial frequency of the transverse wavefield oscillations. The parameter ν 00 (s) mainly influenced the amplitude of the Airy beam part, but the parameter ζ 0 influences both parts of the Airy beam and the Gaussian beam, especially the imaginary part of the parameter ζ 0 influences the transverse decay (attenuation) of the wave fields of the Gaussian Airy beam.
From Fig. 5(a) and (e), one can observe that there is almost no difference between the wavefield using ν 00 (s) = i100 and the that from ν 00 (s) = 100+i100. From Fig. 5 (a) and (b) , one can observe that the decay of the wavefield with ζ 0 = 0.1 + i0.1 is more rapid than that with ζ 0 = 0.01 + i0.01. Similar phenomenon can be observed in Fig. 5 (c) and (d) . These observations demonstrate that the parameter ζ 0 influences the transverse decay (attenuation) of the wavefield of the Gaussian Airy beam. From Fig. 5(a) and (d) , one can observe that the initial spatial frequency of the transverse wavefield oscillations shown in Fig. 5(a) is larger than that in Fig. 5(d) . This is because the parameters ν 00 (s) used in Fig. 5(a) 
C. SIGSBEE 2A MODEL
Here, I introduce a modification of the Sigsbee 2A model [34] . This model contains a high velocity inclusion, which can be used to test the properties of the Gaussian Airy beam and the Gaussian beam. The model is 6km × 6km with a grid spacing of x = 20m, z = 20m. For comparison, Fig. 8 shows the wave fields of the Gaussian Airy beam and the Gaussian beam with an initial beam width of 1000m, and ω = 30π rad/s. The initial location is (40m, 40m). Fig. 8 (a) and (c) show the wave fields of the beams with an emitting angle 0 • . Fig. 8 (b) and (d) show the wave fields of the beams having an emitting angle of 45 • . The initial conditions for the quasi ray tracing: ν 00 (s) = 100 + i100, ζ 0 = 0.01 + i0.01. Fig. 8 (a) and (b) show the wave fields of the Gaussian Airy beam, whereas Fig. 8 (c) and (d) show the wave fields of the Gaussian beam.
From Fig. 8 , it is evident that: (1) the ability to penetrate into the high velocity body depends strongly on the emitting angle of the beam during propagation. When the emitting angle is 0 • , the Gaussian beam and Gaussian Airy beam can penetrate into the high velocity body. However, the wave length of the Gaussian Airy beam is longer than that of the Gaussian beam when the frequency is the same. (2) Although the Gaussian Airy beam becomes curved when the emitting angle is 45 • , it can still penetrate into high velocity body whereas the Gaussian beam cannot penetrate into the high velocity body. 
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